We study the interaction effects on thin films of topological mirror Kondo insulators (TMKI), where the strong interaction is expected to play an important role. Our study has led to the following results: (1) We identify a rich phase diagram of non-interacting TMKI with different mirror Chern numbers in the monolayer and bilayer thin films; (2) We obtain the phase diagram with interaction and identify the regimes of interaction parameters to mimic bosonic symmetry protected topological phases with either gapless bosonic modes or spontaneous mirror symmetry breaking at the boundary; (3) For the spontaneous mirror symmetry breaking boundary, we also study various domain-wall defects between different mirror symmetry breaking order parameters at the boundary. Our results reveal that the thin film TMKI serves as an intriguing platform for the experimental studies of interacting topological phases.
I. INTRODUCTION
A topological state is usually characterized by certain type of topological invariant. As a consequence of their "nontrivial topology", topological states possess gapless modes at the boundary of the sample 1 . Recently, intense research interests have been focused on the role of symmetry in the classification of topological states and it was shown that symmetries substantially enrich the family of topological states. These new topological states, known as symmetry protected topological (SPT) states 2,3 , have been proposed for different types of symmetries in electronic systems, including time-reversal invariant topological insulators (TIs) [4] [5] [6] [7] , topological superconductors 7 , topological crystalline insulators 8, 9 and superconductors 10 . With the help of the state-of-the-art first principles calculations, these theoretical predictions have successfully led to the experimental discovery of different types of SPT phases in electronic systems. Examples include two dimensional (2D) TIs in HgTe/CdTe quantum wells 11, 12 , InAs/GaSb quantum wells 13, 14 , et al, three dimensional (3D) TIs in Sb/Bi alloy, Bi or Sb-based chalcogenides 5, [15] [16] [17] , et al. More recently, it has been proposed that SPT phases can also be realized in photonic systems 18, 19 . Theoretically, it has been shown that strong interaction can significantly change the classification of topological insulators/superconductors. The first example is the one dimensional (1D) interacting topological superconductor. For free fermions, 1D topological superconductors with time-reversal symmetry T and T 2 = +1 (BDI class) 20 has a Z classification (which is characterized by an arbitrary integer number of Majorana fermion zero modes at its boundary), but Fidkowski and Kitaev 21, 22 pointed out that appropriate T −invariant interactions can render the ground state of eight Majorana fermion zero modes gapped and nondegenerate, which implies that the classification of these TSCs is reduced from Z to Z 8 under interaction. Examples for such "interaction reduced classification" in higher dimensions were also found [23] [24] [25] [26] [27] [28] [29] [30] .
Unlike their fermionic analogues, strong interaction is demanded to realize bosonic SPT (BSPT) states. However, so far theoretical studies for BSPT states have been focused on theoretical classification and field theory descriptions 2, 3, [31] [32] [33] [34] , but most of the lattice models proposed for BSPT states in two and three dimensions are usually complex and unrealistic. Very recently, it was proposed that interacting BSPT phases can be realized by introducing interactions to a 2D quantum spin Hall system with two channels of helical edge states 35 and total spin S z conservation. These BSPT states which originate from fermionic systems not only have gapless bosonic edge modes, but also are separated from the trivial state with a purely "bosonic quantum phase transition", which has been observed numerically 36, 37 . It was also shown theoretically that the bilayer graphene under both a strong out-of-plane magnetic field and Coulomb interaction mimics much of the physics of a BSPT state 35 . A natural question is whether similar physics can exist in other condensed matter systems.
In this work, we explore interacting topological phases, in particular the possibility of BSPT state, in topological Kondo insulators 38 , which is a class of topological insulator materials with strong interactions. In Kondo insulators, a small band gap opens up due to the hybridization between localized f-electrons and conducting d-electrons. It turns out that this hybridization gap is topologically non-trivial, making this class of materials also time-reversal invariant TIs. Topological nature of this class of materials, including SmB 6 and YbB 6 , has recently been experimentally confirmed by Ref. [39] [40] [41] [42] [43] [44] . More recent studies reveal that mirror symmetry also plays a role in some Kondo insulators, thus we will refer to these systems as topological mirror Kondo insulators (TMKI). For example, it is found that the topological nature of SmB 6 can either be protected by timereversal symmetry (Z 2 class) 45 or by mirror symmetry (Z class without interaction) 9 . Due to the existence of f-electrons near the Fermi energy, interaction is quite strong in Kondo insulators. However, so far the studies on topological phases in TMKIs have essentially followed the paradigm of free electron TIs. Therefore, it is natural to ask if interacting SPT phases, especially BSPT states that are qualitatively beyond the the free fermion limit, can be realized in TMKIs.
To address this question, we consider thin films of TMKIs, such as SmB 6 , and study topological phases of this 2D system. We assume that the thin film is grown along the direction with mirror symmetry, in which mirror Chern number 9 , an integer topological invariant defined based on mirror symmetry, can be utilized to characterize the topological nature of this system. By tuning the thickness and hybridization parameters between different orbitals of the thin films, we find a rich phase diagram, which stems from the competition between strong hybridization effect and quantum confinement effect (QCE). Topological phases with different mirror Chern numbers (as large as 6) can be realized in the phase diagram. Furthermore, we show that in addition to the charge U (1) symmetry and mirror symmetry, another effective U (1) symmetry can be defined, which operates oppositely in two mirror parity subspaces and is dubbed the "pseudo-spin" U (1) m symmetry in this paper, at the single particle level. Based on the 2D model, we further study the interaction effect on the topological mirror insulator phase with two copies of helical edge states (mirror Chern number being 2) based on the Abelian bosonization formalism. We notice that the "pseudo-spin" U (1) m symmetry and mirror symmetry are playing different roles in the interacting system. If interaction preserves the "pseudo-spin" U (1) m symmetry, the system can be driven into the BSPT phase with only one gapless bosonic edge mode and hence central charge c = 1; if interaction breaks the "pseudo-spin" U (1) m symmetry while preserving the mirror symmetry, the edge states will be gapped out due to spontaneous breaking of the mirror symmetry when the interaction is relevant. Depending on the form of interaction, different types of interacting phases are discussed and the conditions for the interacting BSPT phase are identified.
II. TWO DIMENSIONAL TCI PHASES IN TMKI THIN FILMS

A. Model of TMKI thin films
We start from a description of the 2D model for the TMKI thin films. Following Ref. [46, 47] where various tight-binding models of SmB 6 have been summarized and discussed, we consider a four band model described in Ref. [46, 48] due to its simplicity. This model has been shown to reproduce energy dispersion from more complicated multi-band models, as well as the first principles calculations 46 . We notice that the obtained spin texture from this model is not exactly the same as that from more sophisticated models 46 , but this difference is not essential for the physical mechanism discussed below. This model describes a cubic Kondo lattice with spinful d-orbital and f-orbital electrons that are hybridized by inter-orbital coupling. The basis function for this four band model is:
T 48 . The bulk model shows 3D topological crystalline insulating phases with a non-trivial mirror Chern number at certain mirror invariant planes 46, 48 . Here we consider the thin film configuration stacking along the direction perpendicular to the mirror invariant plane. The intralayer part of Hamiltonian (H 00 ) and interlayer part of Hamiltonian (H 01 ) are given by
where
We label c i = cos k i and s i = sin k i with i = 1, 2, 3 for short. We only focus on the monolayer case (described by H m ) and the bilayer case (described by H b ) with the corresponding Hamiltonians given by
respectively. In general, an n-layer (n = 1, 2, 3, ...) thin film model can be constructed in a similar way. Before we study the details of topological phase transition in monolayer and bilayer films of TMKI, we first discuss symmetry properties for our system. For a 2D thin film, out-of-plane mirror symmetry m z plays a central role in protecting topological crystalline phases. Under the basis |Ψ , the bulk mirror operation is m z = iτ z ⊗ σ z with τ and σ for the orbital and spin degree of freedom. Starting from the bulk mirror operation m z , it is straightforward to write down the mirror operations for monolayer model (M 
where α i denotes the Pauli matrix of layer degree of freedom in the bilayer case. In a mirror symmetric system, all the eigen-states can be characterized by their mirror parities (the eigen-values of mirror operators) and two subspaces characterized by opposite mirror parities are decoupled. When time-reversal symmetry is present, a non-zero net Chern number C is forbidden, while mirror symmetry allows a possible non-vanishing Chern number C ±i in each mirror subspace (with mirror eigenvalue being either +i or −i), leading to the topological mirror insulator phase. In general, we have
Therefore, to understand the topology of the whole system (with time-reversal symmetry), it is sufficient for us to check only the Chern number in one mirror subspace (for example, C +i for the +i mirror subspace).
Here we would like to point out an interesting emergent symmetry that is usually ignored in previous discussions of topological mirror insulators. With mirror symmetry, since two mirror subspaces are decoupled, the full Hamiltonian is block diagonal under the basis with definite mirror parities. As a result, we can perform different U (1) phase transformations on each mirror subspace, while leaving the Hamiltonian invariant under such operation. In analogy to spin U (1) symmetry, we call this emergent U (1) m symmetry as a "pseudo-spin" symmetry. The mirror symmetry and pseudo-spin symmetry U (1) m are essentially different, but they cannot be distinguished in the non-interacting limit. Their difference will be clarified when we consider interaction effects in a later section.
B. Phase diagram of a monolayer system
In this section we discuss possible topological phase transitions (TPTs), as well as the phase diagram, as a function of the off-block-diagonal coefficients V 1 and V 2 in Eq. (1), which control the hybridization gap between delectrons and f-electrons, in a monolayer TMKI thin film. We find that TPTs are determined by two conditions
in H 00 (Eq. (3)). We generally search for solutions for the above two equations at high symmetry lines in the Brillouin zone (BZ). The explicit expression for Eq. (7) is written as
which is simplified to
with the parameters t d = 1, t [46] . Eq. (10) can be solved and we find the following solutions: (1) (k x , k y ) = (π, cos (
Here we only list the solutions in the first quarter of the BZ and the solutions in other parts of the BZ can be obtained by performing four-rotation rotation. On the other hand, Eq. (8) can be simplified as
which can be satisfied by V 1 = V 2 for the X-M line and
6 )) along the M -Γ line. Combining the solutions from the Eq. (7) and (8) leads to two types of TPTs: (1)
6 )) along the Γ-M line. Because of the four-fold rotation symmetry, each of the TPTs will occur at four different momenta simultaneously.
The phase diagram is summarized in Fig. 1 (a) , where the red line shows the TPTs at the X-M line while the blue line is for the TPTs at the Γ-M line. The blue (red) Dirac cones in Fig. 1 (b) depict the exact positions of the TPTs represented by the blue (red) line in Fig. 1 (a) . To identify the mirror Chern number in the region I and II, we calculate the edge state dispersion in a ribbon configuration along the y direction for the mirror subspace with the mirror parity +i in Fig. 1 (c) and (d) . The number and chirality of chiral edge states correspond to both the absolute value and the sign of bulk mirror Chern number according to the bulk-boundary correspondence. The phase in the region I (Fig. 1 (c) ) possesses mirror Chern number C m = C +i = −1, while that in the region II ( Fig. 1 (d) ) carries C m = C +i = 3. The change of the Chern number |∆C m | = 4 across the TPTs is due to the four-fold rotation symmetry of the system.
C. Phase diagram of a bilayer system
In the monolayer system, TPTs are controlled by hybridization effects. In contrast, an additional ingredient, the QCE, also plays a role in the TPT of a bilayer system. QCE is determined by the inter-layer hopping (the off-block-diagonal term) of the Hamiltonian. To make connection between monolayer and bilayer films, we introduce an inter-layer coupling parameter λ ∈ [0, 1] between two layers and re-write the Hamiltonian as
When λ = 0, two layers are completely decoupled, and H b (0) describes the monolayer system with the phase diagram shown in Fig. 1 (a) . When λ = 1, two layers are strongly coupled, and H b (1) reproduces the bilayer system H b in Eq. (4). Therefore, by tuning λ continuously, we can understand the evolution of the energy spectrum from the monolayer system to the bilayer system. We emphasize that the M 
Therefore, starting from any M 
Edge dispersion plots of the bilayer system with a different layer coupling λ are plotted in (a) to (e). In (f), we plot the bulk dispersion exactly at the topological phase transition.
We now map out the phase diagram of the bilayer system numerically and mirror Chern numbers are marked for different phases in Fig. 2 . As a result of the combination of QCE and hybridization effect, TPTs can occur either along some high symmetry lines (e.g. Γ-X, Γ-M and X-M lines) or at some high symmetry points (e.g. X and Γ), as shown by lines with different colors in Fig.  2 . Thanks to the four-fold rotation symmetry of the cubic lattice, TPTs along the lines Γ-X, Γ-M and X-M , labeled by red, blue and green lines in Fig. 2 , will change the mirror Chern number by ±4. In contrast, TPTs at the high symmetry points Γ (X) will change the mirror Chern number by ±1 (±2), which are labeled by the cyan (purple) lines in Fig. 2 . Due to the multiple TPTs in the bilayer system, we find that the mirror Chern number can be as large as C m = 6 in the phase diagram that has been mapped out.
As an example, we track the formation of a C m = 2 TCI phase (e.g. V 1 = 0, V 2 = −0.3) based on our layer construction scheme by varying λ from 0 to 1 in Eq. (12) . Here we choose the same set of parameters for each monolayer that belongs to the region II in Fig.  1 with a mirror Chern number C m = +3. As discussed above, the eigen state with a definite mirror parity in the bilayer system is a linear combination of the eigen-states with both even and odd mirror parities in the monolayer systems. As a result, for a small λ (λ = 0.1), we find a trivial phase (C m = 0) in the new +i mirror subspace as shown in Fig. 3 l(b) (The gapless edge modes in Fig.  3 (a) are because two layers are decoupled for λ = 0 in the bilayer system). By tuning λ, the system undergoes a TPT at λ = 0.33, where the bulk band gap closes at both X and Y in the BZ, as shown in Fig. 3 (f) . As a consequence, the mirror Chern number C m is changed by 2, giving rise to the topological mirror insulator phase with C m = 2 for λ > 0.33. As shown in Fig. 3 (d) and (e) for λ = 0.5 and λ = 1, two chiral gapless edge modes exist in the mirror parity subspace +i with one of them aroundΓ (projected from Y in the bulk BZ), while the other aroundX in the edge BZ. Taking into account the other mirror parity subspace (−i), two copies of helical edge modes exist in this bilayer system for λ = 1.
To conclude, we have demonstrated the bilayer model of a TMKI as a playground for 2D topological mirror insulator phases with various mirror Chern numbers. Different from either monolayer model or bulk model, the richness of topological mirror insulator phases in bilayer TMKI originates from the interplay between hybridization effect and QCE. Our layer construction scheme can be generalized to multiple-layer systems and thus, topological phases with higher mirror Chern numbers are expected to exist and can be tuned by the thickness of thin films. Next we will study the interaction effect in the bilayer system with the mirror Chern number C m = 2 (two copies of helical edge modes).
III. INTERACTING EDGE STATES OF 2D TMKIS
In this section, we will discuss interacting physics at the 1D edge of 2D TMKIs. With the presence of interactions, previous studies have shown that the topological classification of 2D TMKI will be reduced from Z to Z 4 49,50 in the case that the pseudo-spin symmetry U (1) m is broken while the mirror symmetry is preserved by the interaction. Similar change of topological classification should occur in our phase diagram (Fig. (2) ). Our proposed TMKI thin film system with high mirror Chern numbers provides us an ideal platform to test the reduction of topological classification both theoretically and experimentally.
In this section, our main interest focuses on another intriguing aspect of interacting topological phases. In a recent paper 35 , it was proposed that a BSPT phase protected by U (1) c × U (1) s symmetry can be realized in a bilayer graphene system under Coulomb interaction and a strong magnetic field. Here U (1) c and U (1) s denote U (1) symmetries corresponding to charge conservation and spin conservation, respectively. Graphene under a strong magnetic field becomes a quantum spin Hall insulator 51 , which was recently demonstrated experimentally 52 . Due to the similarities between a quantum spin Hall insulator and a 2D topological mirror insulator, it is natural to ask whether BSPT states could occur in our systems. With Abelian bosonization, we will discuss possible realization of BSPT states, as well as other related interacting phases. For this purpose, we will focus on a 2D TMKI phase with the mirror Chern number C m = 2 in the rest of our discussions.
A. Abelian bosonization of interacting edge states of 2D TMKIs
The low energy physics at the edge of a C m = 2 TMKI is well captured by the following non-interacting twochannel helical Luttinger liquid model
with the channel index l = 1, 2. As shown in Fig. 3 (e), we can define l as the valley index and label the helical edge modes atΓ (X) with l = 1 (l = 2). L (R) denotes the left mover (right mover) of chiral fermions in the even (odd) mirror subspace since mirror parity is locked to the direction of velocity of the edge states. The Abelian bosonization of the Hamiltonian (Eq. (14)) has been discussed in Ref. [35] . To keep the current paper self-contained, we briefly review the bosonization scheme as follows:
where χ are chiral bosonic fields. We introduce bosonic dual variables θ l and φ l as
and write the fermionic density operators in terms of dual variables as
Finally, we define the bonding and anti-bonding states between different channels as
The free fermion Hamiltonian (Eq. (14)) can be transformed into a free boson Hamiltonian in terms of bosonic variables φ ± and θ ± . In the bosonic Hamiltonian, twobody interaction terms, which can be explicitly written in terms of density operators, can renormalize Fermi velocities and Luttinger parameters. These interaction terms include
Together with Eq. (14), the full harmonic Hamiltonian of bosons is given by
with the corresponding Luttinger parameters
Now let us consider scattering that corresponds to anharmonic terms in the Hamiltonian. These terms include
In summary, the full form of Hamiltonian is given by
B. Conditions for BSPT phase
We first consider symmetry operations of our Hamiltonian in more details. The charge conservation U (1)
respectively, where l = 1, 2. From Eq. (24), it is easy to see that θ + = 1 √ 2 (θ 1 + θ 2 ) carries the U (1) c charge, and φ + carries the U (1) m charge. We find that H α1 and H α2 preserve all the four symmetries, while H α3 breaks U (1) m symmetry and preserves the mirror symmetry M z . In the Appendix, we will show that H α3 can originate from the standard Coulomb exchange interaction. Therefore, we conclude that a general Coulomb interaction reduces the symmetry of the 2D TMKI system from
The existence of H α3 is the key difference between our model and the interacting bilayer graphene model in Ref. [35] . In the bilayer graphene system, the BSPT phase is protected by U (1) c × U (1) s symmetry. Spin conservation symmetry U (1) s is preserved because (1) the spin-orbit coupling (SOC) effect is negligible and (2) the Coulomb interaction conserves total spin. In our TMKI system, the pseudo-spin symmetry U (1) m is playing the same role as the U (1) s symmetry in the bilayer graphene system. However, strong SOC exists in our system and the Coulomb interaction does not respect the pseudospin symmetry U (1) m due to the H α3 term (Refer to the appendix for more details). If H α3 is irrelevant, U (1) m symmetry will be recovered under renormalization group (RG) flow. As a result, the U (1) c ×U (1) m symmetry protected BSPT phase will emerge, in analogy to the case studied in Ref. [35] . If H α3 is relevant, the U (1) c ×U (1) m symmetry will be explicitly broken even at low energy. However, one might still wonder whether the remaining mirror symmetry M z can play the same role as the U (1) m in protecting a BSPT phase. Next we will study the RG flow of the H α1,2,3 terms.
In our TMKI system, the decoupled Hamiltonians for φ − and φ + are
The scaling dimensions of α 1 and α 3 are
From Eq. (21), we find that when g 1 > g 2 > 0, both K − and K + are greater than 1. Therefore, both interaction terms (H φ± ) are relevant. In the strong coupling limit, φ − and φ + are pinned to
with n, m ∈ Z to minimize the cosine terms. Correspondingly, we have
By choosing n = m = 0, we arrive at φ 1 = √ π 2 , φ 2 = 0. The mirror symmetry operation will change φ 1 and φ 2 to φ
2 with n = −1, m = 0. Therefore, (φ 1 , φ 2 ) and (φ ′ 1 , φ ′ 2 ) are two degenerate states that are connected by mirror symmetry. In this case, both fermionic and bosonic degrees of freedom are explicitly gapped on the boundary. We can define a set of order parameter:
When φ + and φ − fields are pinned, ∆ I,l=1,2 acquires a non-vanishing expectation value which corresponds to the spontaneous mirror symmetry breaking (MSB). When g 2 > g 1 > 0, K − < 1 and K + > 1, the terms α 3 cos 2 √ 2πφ + and α 2 cos 2 √ 2πθ − are relevant, which pins φ + and θ − to the following values
with n ′ , m ′ ∈ Z. This also gaps out all the bosonic degrees of freedom at the boundary. In this case, we need to define a new set of order parameter as
to characterize this MSB phase. In general, due to the coexistence of α 1 cos 2 √ 2πφ − and α 2 cos 2 √ 2πθ − , the anti-bonding bosonic degree of freedom is always gapped out for any value of K − (except for the free case with K − = 1). To guarantee the bonding bosonic mode is gapless, the system should satisfy the condition
which corresponds to attractive interaction. This condition implies that H α3 is irrelevant. Under this condition, U (1) m symmetry is recovered in the infrared limit and can protect a BSPT phase together with the U (1) c symmetry, in analogy to the discussion in Ref. [35] . Based on the discussion above, we have mapped out the phase diagram of edge states in a TMKI, as shown in Fig. 4 , where K + = 1 (blue line) separates the gapless edge states and MSB phases, and thus corresponds to a Kosterlitz-Thouless transition. In the entire MSB regime, all bosonic degrees of freedom are gapped out. In addition, this MSB regime can be further divided into two phases with different mirror-symmetry-breaking order parameters. The transition line (K − = 1) that separates MSB phase I and MSB phase II is a first order phase transition.
C. Mirror parity domain wall in a mirror symmetry breaking phase
In the MSB regime, edge states are gapped out as a result of spontaneous MSB. As discussed in Ref. [53, 54] , domain wall structure of a gapped SPT phase possesses nontrivial degrees of freedom. In our model, the mirror symmetry as a discrete Z 2 symmetry offers us an opportunity to construct a domain wall between phases which break the mirror symmetry differently. The mirror symmetry only affect φ + field (See Eq. (24)),
According to the construction scheme in Ref. [53] , the domain wall creation operator D M is an exponential operator of θ + (the dual field of φ + ): D M = e iCθ+ . The effect of the domain wall creation operator is
Here we have used the commutation relation
with Θ(x − y) being the Heaviside step function. Since the domain wall operator connects two degenerate MSB vacua, we immediately obtain C = 
Now we are ready to explore the properties of the above domain wall operator. The density operator j 0 is given by
We consider a domain wall at x 0 and integrate j 0 across x 0 to obtain its charge accumulation of D M as
Therefore, D M carries one unit charge. This can also be verified by performing the charge U (1) transformation to D M . On the other hand, we could test its response to TR symmetry operation T :
Therefore, D M transforms exactly like a spinful fermion under T . Thus, we conclude that a domain wall D M carries a charge-1 spinful fermion.
D. K matrix formulation of BSPT in interacting TMKIs
K matrix formulation has successfully been applied to the classification of SPT phases 55 . In this section, we connect our discussion based on standard Luttinger liquid language to the well known K matrix formulation, and explicitly construct the K matrix for a bosonic SPT phase in our system. To start with, we introduce a different yet equivalent Abelian bosonization scheme (compared to Eq. (15)) as
while the definition of dual variables are modified as
with an extra sign factor in the definition of θ l field for future convenience. In the Lagrangian form, our Hamiltonian is transformed to:
where χ = (χ 1,R , χ 1,L , χ 2,R , χ 2,L ) T . Matrix V is determined by the Hamiltonian of the system, the form of which is not interesting to us. The K matrix of the system is given by 
where a positive (negative) eigenvalue of K corresponds to a right (left) mover state. In the earlier discussions, we first re-express χ fields in terms of bosonic dual fields φ l and θ l (l=1,2) and then make a linear combination of these new dual fields to define the bonding and antibonding fields φ ± and θ ± . Here we describe the above process in a more compact way by introducing a set of vectors l i (i = 1, 2, 3, 4): 
With these vectors, we can rewrite our Lagrangian under this new bases Ψ = (Ψ 1 , Ψ 2 , Ψ 3 , Ψ 4 ) T . Define a transformation matrix U = (l 
The block-diagonal form ofK indicates that the two pairs of bosonic fields are completely decoupled. On one hand, interaction will always gap out the bosonic anti-binding fields, which corresponds to the lower half block ofK. On the other hand, when Luttinger parameter K + < 1 is satisfied, H α3 is suppressed and U (1) m symmetry emerges. In this case, the bosonic bonding fields survive, andK effectively reduces to a 2 × 2 matrix:
which is consistent with the K matrix for a bosonic SPT phase 55 .
IV. CONCLUSION
In this paper, we have studied interacting topological phases in thin films of a TMKI, focusing on the bilayer system with the mirror Chern number ±2. At the singleparticle level, we find that topological mirror insulator phases with different mirror Chern numbers (from ±1 to ±6) can be achieved by tuning film thickness and the hybridization between different layers. By introducing interaction into this system, bosonic SPT phases can be realized under certain parameter regime in TMKI films. Interaction can also drive the system into a MSB phase, in which a domain wall between different MSB order parameters can carry both charge and spin. Current experimental studies of TMKIs are focusing on bulk materials, such as bulk SmB 6 39-41,56,57 , and we hope that our studies on interacting topological phases can motivate more experimental explorations on TMKI thin films 58 .
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